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Abstract

The paper develops an information-theoretic model of Induced Technical Change where payoff-
maximizing agents are exposed to a positive degree of uncertainty when adopting new technology
due to unobserved cost factors. The derived equilibrium of the model comes in the form of a non-
degenerate probability distribution that defines the distance of productivity growth from the poten-
tial maximum growth on the innovation possibilities frontier, often called the Technical Inefficiency
Function (TIF) in the frontier estimation literature. Many forms of the TIF are shown to be derived by
specifying a particular functional form of the payoff function in our model. The paper estimates the
innovation possibilities frontier and the TIF using the KLEMS data for 1995-2015 and documents
the time evolution and sectoral heterogeneity of the innovation possibilities frontier.
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1 Introduction

Economics has seen a recent rise in interest in Information Theory (IT) as an alternative framework
to the standard rational choice theory (see Sims (2003) and Scharfenaker & Foley (2017)). The critical
departure lies in the assumption of the IT-based economic models that economic agents are always ex-
posed to a positive degree of uncertainty due to unobserved factors that prevent the agent’s choice of
the first-best outcome. For example, Sims’ rational inattention (RI) program (Sims 2003, 2005) applies
elements of information theory (e.g. Shannon’s entropy and mutual information) to economic mod-
eling and introduces the idea that economic agents have a limited capacity to process market signals
and thus fail to translate all available market information into actions. One key aspect of IT-based
economic models is that the equilibrium state of the model comes in the form of a non-degenerate
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versions of this paper. I am grateful to two anonymous referees for helpful comments and suggestions that significantly
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probability distribution, in which all possible states have non-zero probabilities. This particular type
of equilibrium is called statistical equilibrium (Jaynes 1978, 1957).1 Due to the probabilistic form of
equilibrium, the information-theoretic models can explain the central tendency and the residual vari-
ation simultaneously without resorting to exogenous shocks or behavioral biases. This aspect of the
information-theoretic model becomes particularly useful in quantitative work because it provides a co-
herent statistical model that naturally comes from the baseline theoretical model without adding ad
hoc random shocks to account for residual variation in the data.

Based on this general methodological basis of the information-theoretic approach2, the paper de-
velops the information-theoretic model of the Induced Technical Change (ITC) to understand the pat-
tern of productivity changes in the EU industries for 1995-2015. The ITC model has received a fair
amount of attention in economics literature as an alternative to the models of exogenous technical
change (Von Weizsäcker 2010, Kennedy 1964, Samuelson 1965, Drandakis & Phelps 1966, Shah & Desai
1981, Acemoglu 2002, Foley 2003), but no information-theoretic model has been developed to further
extend its canonical form. The canonical ITC model (Von Weizsäcker 2010, Kennedy 1964) assumes en-
dogenous dynamics of technical progress where changes in productivity are induced by changes in unit
factor prices.3 One fundamental feature of the ITC model that makes it distinctive from other models
of technical change lies in its assumption about the trade-off between rates of change in productivity,
often expressed in the form of innovation possibilities frontier (IPF). This IPF reflects the idea that an
increase in productivity of one input is made possible at the cost of a decrease in the productivity of
other inputs. Therefore, a payoff-maximizing economic agent chooses an optimal combination of input
productivity changes and moves along the IPF depending on the cost structure.

The information-theoretic model of the ITC extends the canonical form by adding a minimum en-
tropy constraint to the payoff maximization. As is well known in information theory, entropy is the
average information contents (Cover & Thomas 2006, MacKay 2005) and is interpreted as the degree
of uncertainty in the standard IT-based economic models (see Yang (2018a) for an extensive review.).
Adding this entropy constraint, therefore, implies that the economic agent is exposed to a positive
degree of uncertainty due to unobserved cost factors that prevent the first-best outcome in the opti-
mization process. The resulting equilibrium of the agent’s action is not a point on the frontier but a
probability distribution of the distance from the frontier. The functional form of the probability dis-
tribution, which is called the Technical Inefficiency Function (TIF) in the frontier estimation literature,
depends on a particular form of the payoff function. It will be shown later that many forms of TIFs
used in the frontier estimation literature (Aigner et al. 1977, Meeusen & van Den Broecke 1977, Greene
1990, Hajargasht 2014) can be derived from the information-theoretic model.

One great benefit of using our information-theoretic model is that it does not require further as-
sumptions about the residual variation or noise in the data because the probability distribution as the
equilibrium outcome already endogenizes it. Based on the payoff function that reflects the increasing
difficulty of achieving the innovation frontier (a log counteracting term), which leads to the gamma TIF,
we estimate the IPF and TIF simultaneously for the 19 countries and 13 industries from 1996 to 2015
in the KLEMS data using Bayesian methods. To give a brief summary of the empirical result, Figure 1
shows the estimated IPF and the corresponding TIF for 1996-1998, the first sub-period of the whole
sample of 1996-2015. The left panel shows the innovation possibilities space defined by the growth rates

1The notion of statistical equilibrium and was first pioneered by Maxwell, Boltzmann, and Gibbs and later was proposed
as a general inferential method by Jaynes (1978, 1957).

2See Golan (2018) for a comprehensive discussion on the applications of information theory in economics and economet-
rics.

3For a survey on ITC models, see Brugger & Gehrke (2017).
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of labor productivity γ (y-axis) and capital productivity χ (x-axis), with each point in the space repre-
senting the realization of productivity growth. A higher χ and γ implies faster technological growth.
The recovered frontier is the black line along with gray uncertainty lines. The frontier envelops all the
data points, whose deviation from it constitutes the TIF on the right panel. The histogram represents
the difference between the realized rate of cost reduction and its maximum rate, ζd , which is obtained
from points (γ and χ combinations) located in the estimated frontier. As shown in the fitted lines
over the histogram, the gamma model captures the pattern of productivity deviation from the frontier
relatively well.

Figure 1: Recovered frontiers on the innovation space and the technical inefficiency distribution for
12 industries and 19 countries for 1996-1998. The left panel shows the recovered frontier in black.
The gray uncertainty lines are randomly generated from the posterior distribution of parameters. The
right panel shows the histograms of the distance between the realized and the maximum rate of cost
reduction, ζd with the fitted line from the maximum posterior value of the gamma fitted line. The gray
uncertainty lines are randomly generated from the posterior distribution.

The paper relates to the burgeoning literature on statistical equilibrium approaches in economics.
Notably, Drăgulescu & Yakovenko (2000, 2001) and Yakovenko & Rosser (2009) studied income and
wealth distribution from the statistical equilibrium perspective. Foley (1994, 1996) developed a statis-
tical equilibrium model of market transactions, and Toda (2010, 2015) further generalized this model.
In finance, Stutzer (1996) and Stutzer (2010) developed a maximum entropy model of the Black–Scholes
model, and dos Santos & Scharfenaker (2019) developed an entropic model of Tobin’s q. Alfarano et al.
(2012) and Scharfenaker & Semieniuk (2017) developed a statistical equilibrium model of profit rates.
More recently, a statistical equilibrium model with market feedback effects (Quantal Response Statis-
tical Equilibrium Model) has been developed and been applied to several different economic problems
(Scharfenaker & Foley 2017, Yang 2018b, Wiener 2020, Ömer 2018, Scharfenaker 2020). In line with a
growing interest in statistical mechanics and information theory in economics, we develop a statistical
equilibrium/information-theoretic model of technical change for the first time in the literature.

The paper also builds on the vast literature on the induced technical change pioneered by Hicks
(1932) and further elaborated by Von Weizsäcker (2010) and Kennedy (1964). A series of important
contributions to ITC models were followed by Samuelson (1965), Drandakis & Phelps (1966), Shah &
Desai (1981), van der Ploeg (1987), and Foley (2003). In more recent years, the induced innovation
has been revisited in the context of skill-biased technological change (Acemoglu 1998, 2002, Aghion
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2002), which has led to various applications in the literature on technological change (Acemoglu et al.
2012, Antonelli 2016). An important drawback of this literature for canonical ITC models is that they
typically define the equilibrium as a point on the innovation possibilities frontier without saying much
about the realizations below the frontier. The information-theoretic model of ITC developed in this
paper generalizes the canonical ITC model by deriving the technical inefficiency function, which is the
distribution of observed productivity growth with respect to the frontier.

Beyond the deterministic ITC models, Duménil & Lévy (1995, 2011) proposed a stochastic ITC
model in which firms are given a set of techniques randomly generated by innovation processes and
select the one that yields the highest profit rate. The model shows that a higher wage share can impart
a bias toward a labor-saving technical change. Our paper provides a theoretical ground to the stochastic
process Duménil and Lévy’s model assumes by interpreting the stochasticity as a result of the positive
uncertainty in the choice of new technology of the payoff-maximizing agent. We also show that different
payoff structures can lead to many different forms of stochastic function and thus explain the behavioral
origin of a particular form of stochasticity.

Finally, the method of frontier estimation in this paper is relevant to the literature on Data Envelop-
ment Analysis (DEA) (Charnes et al. 1985, 1994) and Stochastic Frontier Analysis (SFA) (Aigner et al.
1977, R.Stevenson 1980, Greene 1990, Hajargasht 2014). The DEA is a linear programming method
to find the outermost part (the convex hull) of the data, whereas SFA is a regression-based method to
determine the degree of inefficiency in the production process. Unlike models in DEA and SFA that
are mostly constructed based on statistical/programming considerations, such as computational con-
venience, statistical accuracy, and model identification, the frontier estimation method we propose here
is firmly rooted in a statistical equilibrium economic model so that the estimation results can provide
more economically meaningful interpretations.

The rest of the paper proceeds as follows. Section 2 discusses the information-theoretic model of
ITC and derives the technical inefficiency function, a probability distribution representing non-optimal
technical change. A non-trivial result of this model is that maximizing the expected payoff of the
agent leads to a non-degenerate distribution of heterogeneous actions without making any arbitrary
assumptions as to the biases of the economic agents. Section 3 further discusses the key properties of
the model: factor-saving technological change and non-optimal choice of technology will be discussed
in detail. Section 4 sets up a frontier estimation model to estimate the innovation possibilities frontier
and the technical inefficiency function simultaneously. Section 5 discusses some potential extensions
and implications of the entropy-constrained ITC model. Section 6 concludes the paper.

2 Models

2.1 Canonical ITC model: optimal technical progress

Consider a production model, in which output Y requires employed labor L and capital K . Produc-
tivity is a measure of production efficiency and is expressed as the ratio of outputs to inputs used in a
production process. Denoting labor and capital productivity as x ≡ Y /L and ρ ≡ Y /K , technical change
is defined as the growth rate of x and ρ, γ = ẋ/x and χ = ρ̇/ρ, respectively, where the notation ẏ = dy/dt
with any variable y. Total production cost C consists of labor costs wL and capital costs rK where w
and r are respectively the wage rate and the profit rate. Therefore, the unit factor cost, i.e., the factor
cost per output, is defined as ω = wL/Y for unit labor cost and π = rK/Y for unit capital cost. Assuming
that the unit total cost c = C/Y in the initial state is unity, π = 1−ω.
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The ITC model is predicated on the idea that changes in productivities respond to changes in unit
cost in such a way that a new set of techniques decreases the production cost. We define the instanta-
neous decrease in unit cost, ζ = −ċ/(c), which can be expressed in terms of the weighted average of γ
and χ with respective weights given by unit labor cost and unit capital cost under the assumption that
w and r are kept constant (Kennedy 1964):

ζ =ωγ + (1−ω)χ, (1)

The key assumption of the ITC model is that the course of technical progress is constrained by the
Innovation Possibility Frontier (IPF), which represents a trade-off between χ and γ . The IPF suggests
that an increase in productivity of one input is made possible at the cost of a decrease in productiv-
ity of the other input. Higher labor productivity growth, for example, is coupled with lower capital
productivity growth on the innovation possibilities frontier. This distinctive feature of the IPF can be
expressed by the following concave function:

γ = f (χ), with f ′ < 0, f ′′ < 0. (2)

Given the IPF, the cost-minimizing agent that seeks to maximize the rate of cost reduction ζ solves
the following optimization problem:

max ζ =ωγ + (1−ω)χ, (3)

s. t γ = f (χ).

Equation (3) is a convex program, so FOC are sufficient to obtain a maximum, which yields the following
relationship between technical progress and the unit cost:

f ′(χ) = −1−ω
ω

. (4)

Equation 4 states that the slope of the IPF is the negative ratio of the unit capital to unit labor cost. The
tangent to the IPF is the optimal combination of γ and χ according to the cost structure given by ω
and leads to the maximum rate of cost reduction. Note that each pair of χ and γ has its own ω and thus
we can apply the model at any level of disaggregation down to the level of the firm. Figure 2 shows an
example of the ITF with the optimal choice on the frontier.
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γ= γf

χ= χf
γ = f(χ)
f'(χf) = −(1−ω*)/ω*

γ

χ

Innovation Possibility Frontier: Optimal Change

Figure 2: Innovation Possibilities Frontier. The bold line represents the IPF, a functional relationship
that represents the trade-off between χ and γ . The dotted line represents a tangent line of the IPF at
χ = χ∗. The tangent represents the maximum rate of cost reduction given the wage share ω = ω∗. The
plot represents a particular equilibrium where both γ and χ are positive.

The concave ITF is drawn in bold in the χ-γ coordinate with (1−ω)/ω = 1. The dotted line represents
the tangent line to the rate of cost reduction whose slope is −(1−ω)/ω. The point on the TIF χf and γf
represents the optimal choice of technology given the unit factor cost. We can see from the figure that
when ω increases, the tangent moves to the north-west with a high γ and low χ. That is, an increase in
unit labor cost leads to a labor-saving technical change.

2.2 Statistical Equilibrium ITC model: mixed strategy with a bounded rationality

Canonical model in a mixed strategy setting: the Dirac Delta case
The canonical model can be extended to allow for the possibility of non-optimal technical progress,

in which the choice of χ and γ can be different from their optimal rate on the frontier. We will use
subscripts r and f to denote the realized and optimal results, respectively. Consider a cost-minimizing
agent with an innovation set A ∈ R2 that consists of multiple pairs of χr and γr whose corresponding
realized rate of cost reduction, ζr , can be different from its maximum rate on the frontier, ζf . The choice
of χr and γr can be any point on the coordinate below the frontier χ ≤ f (χ). Let ζd ≥ 0 be the distance,
ζf - ζr .

Since the agent can choose any combinations of χr and γr , it is reasonable to assume that the agent
assigns a probability to each of the choices depending on the payoff obtained from the selection of
points (γr ,χr ) and maximizes the expected payoff of the potential technical changes. This line of reason-
ing can be formulated using the mixed strategy setting (von Neumann & Morgenstern 1944), in which
agents in a system maximize the expected payoff they associate with various outcomes. Consider u[ζd],
the payoff function of adopting a new technology that brings about a particular ζd . Lower ζd leads to
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higher payoff, u′[ζd] < 0, because it implies that the new technique leads to the rate of cost reduction
close to ζf . The payoff is maximized when ζd = 0, that is, when the actual rate of cost reduction is equal
to ζf . The typical cost-minimizing agent with a mixed strategy assigns a probability to each ζd , p[ζd],
to maximize the expected payoff

∫∞
0 p[ζd]u[ζd], where

∫∞
0 p[ζd] = 1:

max
∫∞

0 p[ζd]u[ζd]dζd , (5)

s. t
∫∞

0 p[ζd]dζd = 1.

With no further constraints, the solution to this problem is the Dirac Delta function δ, choosing the
technique that minimizes ζd and thus maximizes the expected payoff.

p[ζd] = δ[ζd − ζ̂d[u,ζd]], (6)

where ζ̂d[u,ζd] is the distance that maximizes the payoff. The Dirac Delta function has the following
property:

δ[x] =

1, x = 0

0, x , 0
and

∫ ∞
−∞
δ[x]dx = 1, (7)

so that the resulting frequency distribution of p[ζd] puts unit weight on the payoff-maximizing action
and zero weight on the others, implying that the technology is always chosen on the IPF. This is the
same result from the canonical ITC model, where the typical agent has a unique payoff-maximizing set
of technology on the frontier where ζd = 0.

Entropy-constrained behavior and the technical inefficiency function: Boltzmann-Gibbs case
Both the canonical ITC model and the mixed strategy generalization inevitably bear some unrealistic
implications. Notably, the typical cost-minimizing agent always chooses the optimal set of χ and γ

precisely on the frontier that brings the maximum rate of cost reduction. In contrast, the economic
agent in the real economy is always exposed to some degree of uncertainty when processing the market
signal and making decisions, which might cause non-optimizing behavior such as delays and inertia.

This problem becomes more pronounced when interpreting the actual data because we often face
a situation in which the observed pairs of γ and χ are located too far from the frontier. Researchers
working on the empirical estimation of the production/innovation frontier dealt with this issue by aug-
menting the original frontier model with a technical inefficiency function, which effectively allows for the
observed data points below the frontier. In the Stochastic Frontier Analysis (SFA), for example, a wide
range of non-negative continuous distributions such as half-normal (Aigner et al. 1977), truncated nor-
mal (R.Stevenson 1980), exponential (Meeusen & van Den Broecke 1977), gamma (Greene 1990), and
Rayleigh distributions (Hajargasht 2014) have been proposed for an empirical model of the observation
below the frontier. However, these different specifications are often proposed for computational con-
venience, statistical accuracy, and model identification, and thus have only a loose connection to the
reference economic model that does not account for non-optimal outcomes, in the first place.

We show below that each of the technical inefficiency functions can be derived from our prob-
abilistic model by specifying a particular form of the agent’s payoff function under the assumption
that agents maximize the expected payoff with a positive degree of uncertainty. To see this, consider a
bounded rational behavior where the optimizing agent has a limited capacity to process market sig-
nals. This type of behavior can be formulated by constraining the agent’s mixed strategy to a minimum
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Shannon’s entropy Hmin using the well-established derivation that the Shannon entropy H[p], defined
as the negative expected value of log-probability −

∑
x p[x]Log[p[x]]4, is the correct form of the average

information content (Shannon 1948, Jaynes 2003, Cover & Thomas 2006, MacKay 2005). The entropy
H[p] is a function of the probability set p[x] and has a higher value as the probability is more equally
distributed across possible states x. The lower bound of the Shannon entropy is zero, in which only one
state is possible, and therefore there is no uncertainty. The Dirac Delta distribution we derived above
is precisely the zero entropy case.5

The entropy-constrained behavioral model of ITC augments the simple mixed strategy model with
a minimum entropy constraint. This implies that there are unobserved cost factors that prevent the
choice of the first-best outcome in the optimization process. Note that the minimum entropy constraint
does not preclude the first-best outcome entirely but assigns it a probability less than unity. The agent’s
expected payoff maximization program is written as the following:

max
∫∞

0 p[ζd]u[ζd]dζd , (8)

s. t H[p[ζd]] = −
∫∞

0 p[ζd]Logp[ζd]dζd ≥Hmin,∫∞
0 p[ζd]dζd = 1,

whose associated Lagrangian with the multiplier κ and T is:

L[p,u,ζd ,T ] = −
∫ ∞

0
p[ζd]u[ζd]dζd −κ

(∫ ∞
0
p[ζd]dζd − 1

)
+ T

(∫ ∞
0
p[ζd]Logp[ζd]dζd −Hmin

)
.

The solution to this problem is the Gibbs distribution in the following form (See Borwein & Lewis
(1991), Cover & Thomas (2006)):

p[ζd] =
exp

(−u[ζd ]
T

)
∫∞

0 exp
(−u[ζd ]

T

)
dζd

. (9)

This result shows that the solution of the mixed strategy ITC model is not a single maximum rate of
cost reduction, ζf , but a probability distribution of the possible states of the technical change that could
result in the lower-than-maximum rate of cost reduction ζr < ζf . The resulting probability distribution
of ζd itself is a technical inefficiency function because it represents the probability of how far each agent’s
technology, measured by the realized rate of cost reduction ζr , is from its maximum condition on the
frontier ζf .

This point can be seen more clearly in Figure 3 where a hypothetical IPF is drawn on the innovation
space with χ and γ .

4The continuous Shannon entropy is defined by −
∫
p[x]Log[p[x]]dx. See Jaynes (1957) for a more detailed discussion on

the correct limit of the discrete entropy, in which the relative entropy with an invariant measure factor is derived as a proper
differential entropy.

5In the Dirac Delta function, one state is assigned probability 1 pj = 1 while the other states gets zero probability, pj− = 0.
Therefore, we have H[δ] = −(pζ̂d Log[1] + 0Log[0] + · · ·+ 0Log[0]) = 0 + 0 + · · ·+ 0 = 0 where 0Log[0] = 0 by convention.
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γf

χf,χr1

γr1

{

ζd= 1

χr2

γr2

{

ζd= 1

γ = f(χ)
ζd = 0
ζd = 1

γ

χ

Innovation Possibility Frontier: Sub−Optimal Change

Figure 3: Innovation possibilities frontier with sub-optimal technical change. The bold line represents
the IPF, a functional relationship that represents the trade-off between χ and γ . The black dotted line
is the iso-ζd line in which ζd = 0 so that there is only one optimal choice represented by χf and γf . The
red dotted line is another iso-ζd line in which ζd = 1 so that any point on the line has the realized rate
of cost reduction smaller than the maximum by 1%.

Note that the distance between the realized rate and the maximum rate of cost reduction is written
as (1 −ω)(χf − χr ) +ω(γf − γr ). This is the vertical distance between the (χr ,γr ) and the tangent line
on (χf ,γf ).6 Based on this result, we will introduce the notion of iso-ζd line, on which the realized
rate of cost reduction has the same distance from the frontier. The black dotted line in Figure 3 is the
maximum iso-ζd line in which ζd = 0, so that there is only one optimal choice represented by χf and
γf , while the red dotted line is sub-optimal iso-ζd line with ζd = 1 so that any point on the line has
the realized rate of cost reduction smaller than the maximum by 1%. The agent with the choice of χr1
and γr1 has the optimal choice of capital productivity growth χr1 = χf but fails to reach the optimal
labor productivity growth γr1 < γf leading to ζd = 1. It is important to note that ζd is defined with the
reference to the maximum ζ isoquant, not to the ITF itself. The point, χr2 and γr2 , is on the ITF but is
still lagging behind the maximum ζf by 1%. This discrepancy is due to the concavity of the ITF and
disappears when the ITF becomes linear.

2.3 Implication of the entropy-constrained behavior

The technical inefficiency function is the direct result of the entropy constraint Hmin > 0 on the firm’s
cost minimization. The associated Lagrange multiplier (or shadow price) on this entropy constraint,
T , determines the dispersion of the firm’s behavior from its cost-minimizing decision. Thus, we can
call this Lagrange multiplier the behavior temperature (Scharfenaker & Foley 2017). When T → 0, the

6This is because the tangent line on (χf ,γf ) can be written as γ = −(1−ω)
ω (χ −χf ) +γf , and therefore, the vertical distance

between this line and (χr ,γr ) is simply |γr −
−(1−ω)
ω (χr −χf )−γf |. After rearranging, the distance is written as (1−ω) ∗ (χf −

χr ) +ω ∗ (γf −γr ).

9



firm’s action becomes concentrated on the cost-minimizing choice of technology. However, there is a
qualitative difference in the firm’s behavior when behavior temperature is positive T > 0 to when it is
absolute zero T = 0. As long as T > 0, the predicted technical inefficiency function is not a degenerate
one, so the firm will choose every available technology with a positive frequency proportional to the
exponential of the payoff function as shown in Eq 9. When T = 0, the firm’s cost-minimization does
not have an entropy constraint, so the resulting equilibrium is always the optimal choice of technology
that leads to the minimum cost. From the decision-making perspective, the zero-temperature agent
always has the perfect information about the market and has no limitation in processing it, so the exact
cost-minimization is always attained.

The entropy-constrained behavior and the resulting technical inefficiency function in our extension
of Kennedy’s model sharply raise the issue of the baseline modeling strategy in economics. The payoff
maximization without entropy constraint (T = 0) might be an acceptable approximation of some market
types, such as a spot market where a large volume of transactions take place at a high frequency. These
markets are mostly run by professional traders who are not only extremely attentive to information
about prices but also have much more information than the general public. In almost every other mar-
ket, however, transactions are in rare contingencies, scattered around different geographical locations
and on different time scales. In these markets, economic agents rarely have enough information about
the prices and quantities, nor are they fully attentive to this information. The entropy-constrained be-
havior (T > 0) is a good baseline modeling approach in this case where markets do not settle down to a
single state of equilibrium, but only approximately self-organize towards central tendencies.

2.4 Various forms of technical inefficiency function

In the entropy-constrained model of ITC, the technical inefficiency function represents the distance
of the observed cost reduction from the frontier and is interpreted as showing the relative payoff of a
particular choice of technology to the firm. From the econometric point of view, this entropy constraint
introduces a residual variation to the model of the firm’s behavior. Unlike the standard econometric
approach, however, the residual variation is not treated as noise with no theoretically interpretable
meaning, but is understood as a direct result of the firm’s behavior based on a particular payoff struc-
ture.

This issue of theoretically interpretable residual variation is sharply raised in the standard work
in the empirical estimation of the production/innovation possibilities frontier. For example, in the
Stochastic Frontier Analysis (SFA) literature, a wide range of non-negative continuous distributions
such as half-normal (Aigner et al. 1977), exponential (Meeusen & van Den Broecke 1977), gamma
(Greene 1990), and Rayleigh distributions (Hajargasht 2014) have been proposed as an empirical
model of the TIF to allow for observations below the frontier. However, these models are proposed
mainly for computational convenience or statistical accuracy and have only a loose connection to
the reference economic model. In contrast, the technical inefficiency function derived from the
entropy-constrained model of ITC is a direct result of the underlying assumption of the firm’s
cost-minimizing behavior. We will show in this section that various forms of technical inefficiency
functions, p[ζd], can be derived by specifying a particular functional form in the payoff function u[ζd]
in Eq 9.

Linear payoff function: an exponential case
We start off assuming that the payoff is a linear function of −ζd : u[ζd] =m−nζd withm,n > 0. Using

this payoff function in Equation (8) and maximizing for p[] yields the following Gibbs distribution:
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p[ζd] ∝ e
m−n(ζd )

T . (10)

The constant term m is washed out when integrating:

p[ζd] =
e
m
T e−

n(ζd )
T

e
m
T

∫
e−

n(ζd )
T dζd

=
e−λζd∫
e−λζddζd

,

where λ = n/T represents the intensity of the payoff. Therefore, the technical inefficiency function is
written as:

p[ζd] =
e−λζd∫
e−λζddζd

= λe−λζd for ζd > 0 and λ > 0. (11)

As shown, the linear specification of the payoff function leads to the exponential form of the
technical inefficiency function with the rate parameter λ.

Quadratic payoff function: a half normal case
Suppose now that the payoff function is a quadratic function of −ζd . This means that the further

away ζr is from ζf , the more increasingly they are penalized. Using u[ζd] = m − nζ2
d with m,n > 0, the

technical inefficiency function becomes:

p[ζd] =
e
m
T e−

nζ2
d
T

e
m
T

∫
e−

nζ2
d
T dζd

=
e−αζ

2
d∫

e−αζ
2
ddζd

=
2
√
αe−αx

2

√
π

, (12)

where α = n/T represents the intensity of the payoff. Setting α to 1/2σ2, Eq.12 becomes a half-normal
distribution with the scale parameter σ :

p[ζd] =

√
2

σ
√
π

exp

− ζ2
d

2σ2

 for ζd > 0 and σ > 0. (13)

Linear payoff with a log counteracting term: a gamma case
When the linear payoff, u[ζd] = m − nζd , is supplemented by a counteracting term in a log form,

kLog[ζd], the technical inefficiency function becomes a gamma distribution. We can interpret the
counteracting term as a cost of reaching the frontier. Since u[ζd] = m − nζd + hLog[ζd], the technical
inefficiency function becomes:

p[ζd] =
e
m
T e−

nζd
T + hLog[ζd ]

T

e
m
T

∫
e−

nζd
T + hLog[ζd ]

T dζd
=

e−αζd+βLog[ζd ]∫
e−αζd+βLog[ζd ]dζd

=
αβ+1e−αζdζ

β
d

Γ (β + 1)
, (14)

where n/T = α and h/T = β, representing the intensity of each component of the payoff function. Setting
α = 1/θ and β = k−1, Eq. 14 becomes the gamma distribution with the shape parameter k and the scale
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parameter θ:

p[ζd] =
ζk−1
d e−

ζd
θ

θkΓ (k)
for ζd > 0 and k,θ > 0. (15)

Quadratic payoff with a log counteracting term: A Rayleigh case
As a final example, we set up a payoff function, in which the quadratic payoff, u[ζd] = m − nζ2

d ,

is supplemented by a counteracting term in a log form, hLog[ζd]. We can show that when the payoff
intensity on the log counteracting term is unity h/T = 1, the technical inefficiency function becomes the
Rayleigh distribution. Since u[ζd] =m−nζ2

d + Log[ζd], the technical inefficiency function becomes:

p[ζd] =
e
m
T e−

nζ2
d
T + hLog[ζd ]

T

e
m
T

∫
e−

nζ2
d
T + hLog[ζd ]

T dζd

=
e−αζd+Log[ζd ]∫
e−αζd+Log[ζd ]dζd

= 2aζde
−aζ2

d , (16)

where n/T = α and h/T = 1, representing the intensity of each component of the payoff function. Setting
α = 1/σ2 , the Eq. 16 becomes the Rayleigh distribution with the scale parameter σ :

p[ζd] =
ζd
σ2 e

−ζ2
d /(2σ

2), ζd > 0. (17)

Figure 4 displays the four different technical inefficiency functions we have derived. Each techni-
cal inefficiency function is plotted with three different parameter values. Unlike the exponential and
half-normal distributions, the gamma and the Rayleigh distributions are not always a monotonically
decreasing function of ζd .
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Figure 4: Different forms of technical inefficiency function: exponential, gamma, half-normal, and
Rayleigh distributions.
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This exercise demonstrates that the technical inefficiency distributions commonly assumed in the
frontier estimation literature are the maximum entropy distribution with particular payoff functions.

3 Model properties

3.1 Factor-saving technical change

In the canonical ITC model, an economy with a higher wage share always has a higher rate of labor-
saving technical change as a result of cost-minimization. The probabilistic ITC model generalizes this
result and predicts a higher probability of labor-saving technical change when an economy has a higher
wage share.7

We can see this point more clearly with simulated data. Let us suppose that the concave IPF takes
the form of a quarter-circle, that is, the arc of a circle that forms one-fourth of the circumference:

γf =
√
r2 − (χf −χc)2 +γc for χf > χc and γf > γc > 0, (18)

where χc and γc are the center of a circle and r is the radius. The condition χf > χc and γf > γc is
necessary to ensure the concavity of the IPF. Given the wage share, ω, the tangent to a quarter circle
IPF is:

χf = χc − a
√

(r2/(a2 + 1)) (19)

γf =
√

(r2/(a2 + 1)) +γc, (20)

where a is the slope of the tangent, −(1−ω)/ω.
For the simulation, we will set χc, γc, and r to -5, -5, and 20, respectively. Then, we generate ran-

dom data points for ωi , i = 1, ...2000 from a uniform distribution U (0,1). Given the simulated ωi , the
maximum rate of cost reduction, ζfi , and the realized distance from the frontier, ζdi are calculated de-
pending on the TIF. We will use the four different models for the TIF as we derived above: exponential,
half-normal, gamma, and Rayleigh. Out of all feasible pairs of the realized capital and labor productiv-
ity growth corresponding to the realized distance from the frontier, one pair of χri and γri is randomly
picked. Figure 5 shows the simulation results for each TIF with high and low average ζd values.

7It is trivial to show that, given ω and ζd , there is a linear trade-off between χr and γr . Recall that the distance measure
of the rate of cost reduction is ζd = (1−ω)(χf [1−ω]−χr ) +ω(γf [ω]− γr ). When ω is given, χf and γf are determined, and
therefore there is a negative linear relationship between χr and γr given the level of ζd .
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Figure 5: Simulation of χ and γ with four different technical inefficiency functions and two different
values for the average distance of rate of cost reduction from the frontier, ζ̄d . Green dots are the sim-
ulated χ and γ pairs with the unit labor cost below 0.5 while brown dots are those with the unit labor
cost above 0.5. It is clear from simulation result that a higher unit labor cost would lead to a more
labor-saving technological change, γ > χ. When the average ζd is set to high, the simulated χ and γ
pairs are more dispersed in the innovation possibilities space.

The brown dots are realized capital and labor productivity growth, χri and γri , when the wage share
ωi is higher than 0.5 while the green dots are when ωi < 0.5. It is clear from all simulation results
that the second quadrant where γ > 0 and χ < 0 is mostly populated by brown dots, while the fourth
quadrant where χ > 0 and γ < 0 is dominated by green dots. That is, the higher the wage share, the
more likely the labor-saving technical change is.

It is also clear from the simulation results that a wide range of patterns in technical change is possi-
ble depending on the different models of TIF. For example, when the intensity of the payoff function is
low (a low λ in the Exponential and a high σ in the Half-Normal and the Rayleigh), the realized χ and
γ are close to the frontier. Note that the intensity of the payoff is a function of a behavioral uncertainty,
T , implying that a higher degree of uncertainty leads to a further distance from the frontier.

3.2 Sub-optimal technical change

Due to the nature of the non-negative continuous distribution of the TIF, the probabilistic ITC model
always has a lower rate of cost reduction on average than the canonical model, ζr < ζf unless the TIF
is degenerate and allows for a single realization on the frontier. This means that the realized capital
and labor productivity growth deviate from their optimal pair of χf and γf given the unit labor cost
ω. We can see this point clearly in Figure 6 in which χr ,γr , and, ζr is simulated for ω = 0.6 using the
exponential TIF.
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Simulation Results: χr and γr

Figure 6: Simulated density of capital and labor productivity growths χ and γ from the exponential
technical inefficiency functions with three different values of the behavior temperature which deter-
mines the average distance of the rate of cost reduction from its frontier, ζd . When T is zero, the rate
parameter of the exponential TIF is infinity so that ζd becomes zero, leading to a degenerate distribu-
tion of the simulated χ and γ . When T becomes positive, the distribution becomes a non-degenerate
distribution.

The two plots show the histograms of χr and γr with the black vertical line showing the correspond-
ing optimal choice values. The mean deviation of ζd is set to 1 and 4 for green and orange density,
respectively. It is clear from the figure that the realized productivity growths are spread around their
optimal value while the realized rate of cost reduction is spread left to the maximum value. Also, a
higher mean deviation of ζd corresponds with more dispersion in the density, as shown in the differ-
ence in the spread of the green and orange densities.

4 Empirical evidence on the technological inefficiency function

In this section, we estimate a probabilistic ITC model for EU countries and industries. The key aim of
our model is to simultaneously estimate the innovation possibilities frontier and the functional form
of the technical inefficiency function. In doing so, we employ a Bayesian method because it allows for
incorporating prior information about the model parameters and taking into account the estimation
uncertainty as well.

4.1 Data and descriptive analysis

We use the EU KLEMS Growth and Productivity Accounts to obtain country-industry level data on
technical progress and unit cost.8 We choose the time period from 1995 to 2015 for 19 countries9

8The database is available at http://www.euklems.net. For a detailed discussion on the dataset see Jäger (2017).
9A full list of countries in the sample: Austria, Czech Republic, Germany, Denmark, Estonia, Greece, Spain, Finland,

France, Hungary,. Italy, Luxembourg, Netherlands, Poland, Sweden, Slovenia, Slovak Republic, the United Kingdom, and the
United States.
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and 13 industries based on NACE Rev.2.10 This time period covers most countries and industries. We
extract value added (VA), the number of employees (L), capital stock (K), wages (W) and profits (P) to
calculate labor productivity x = VA/L (inflation adjusted), capital productivity ρ = VA/K, unit labor
cost = W/VA, and unit capital cost = P/VA for each country-industry pair. The labor- and capital-
productivity growths, γ and χ, are calculated as the simple return, (Xt+1 − Xt)/Xt where X is either
the level of labor and capital productivity. The rate of cost reduction is calculated as the average of
labor and capital productivity growth weighted by its factor share. Finally, we cut 1% of the tails of
productivity growth measures to remove extreme outliers from the sample. After this data cleaning
process, we are left with 3,914 industry-year observations.

Figure 7 shows the distributions of productivity growths and their mean and median value over
time. The top three figures display the yearly density of labor-, capital-, and rates of cost reduction.
All three measures have a highly peaked symmetric pattern with a relatively heavy tail, which is also
observed at the firm level (Yang 2018b). The bottom three figures show their mean and median values
over time. It is clear that the average labor productivity growth has slowed down since the 90s while the
average capital productivity growth has slightly increased. Consequently, there is no noticeable trend
in the rates of cost reduction. In all time-series, the effect of the financial crisis of 2007-09 is visible.

10A full list of industries in the sample: Agriculture, Forestry and Fishing, Mining and Quarrying, Total Manufacturing,
Electricity, Gas and Water Supply, Construction, Wholesale and Retail Trade; Repair of Motor Vehicles and Motorcycles,
Transportation and Storage, Accommodation and Food Service Activities, Information and Communication, Financial and
Insurance Activities, Real Estate Activities, Professional, Scientific, Technical, Administrative and Support Service Activities,
Community Social and Personal Services
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Figure 7: Distribution of productivity growth measures and their mean & median values over time. The
top three figures display the density of annual labor-, capital-, and rates of cost reduction from 1996 to
2015. The bottom three figures show their mean and median values over time.

Figure 8 shows the scatter plot of the realized growth rates of capital and labor productivity for 6
different time periods. Each pair of χr and γr is colored based on its level of ζ. For example, those pairs
with the top 20% of ζ are colored in light green. As expected, the further away from the origin to the
north-east in the coordinate, the higher ζ tends to be due to a higher value of χr and γr . There is no
general pattern observed in the scatter plot except for a weakly positive correlation.
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Figure 8: Realized growth rates of capital and labor productivity (χr and γr ) for all country-industry
pairs over 6 different time periods: 1996-1998, 1999-2002, 2003-2006, 2007-2009, 2010-2012, 2013-
2015. Each pair of χr and γr is colored based on its level of ζ. ζq is the quantile value of ζ: dark
green (below 20% quantile), brown (between 20% and 40% quantile), purple (between 40% and 60%
quantile), pink (between 60% and 80% quantile)), and green (above 80% quantile). As expected, the
further away from the origin to the north-east, the higher ζ is due to a higher value of χr and γr .

4.2 Bayesian frontier estimation model

Likelihood function of the IPF

We will use a parametric approach to the IPF and assume that the IPF takes the form of a quarter-circle
in Equation 18. The circle is the simplest conic section and has the same radius from the center of
the section to the conic surface. Therefore, the quarter-circle frontier implies that the least productive
firm, located in the center of the circle, has the same Euclidean distance to every point on the frontier.
This assumption can be relaxed in more complex models (e.g. ellipse, hyperbola, log frontier). Three
parameters of the quarter circle are the χ and γ at the center of the circle, which we denote by χc and
γc, and the radius r.

As discussed in Section 2.4, the parametric form of the technical inefficiency function depends on
the payoff function of ζd . The simplest possible payoff function is the linear function of ζd with no
counteracting term, which leads to the exponential distribution. However, the exponential distribution
is a monotonically decreasing function and therefore cannot capture the two-sided nature of the distri-
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bution of the rate of cost reduction as shown in Figure 7. The same goes for a half-normal model.11 For
this reason, this paper uses a payoff function with a counteracting term whose resulting distribution
is flexible enough to allow for two-tailed data. We choose to use a linear payoff specification due to
its more appealing underlying assumption that firms maximize their rate of cost reduction, not their
squared rate of cost reduction. Furthermore, a linear payoff function performs better than a quadratic
payoff function in terms of a model fit, as shown in Appendix C.2.

We use the payoff function u[ζd] = m − nζd + hLog[ζd] to reflect the idea of increasing difficulty
of innovation as the firm reaches the frontier and effectively capture the non-monotonically decreasing
pattern of ζd . As was shown in Equation 15, maximizing the expected payoff with the minimum entropy
constraint leads to a gamma distribution of the TIF, p[ζd] = βα

Γ (α)ζ
α−1
d e−βζd . The two parameters to

estimate are the shape and the rate parameters, α and β.12 Therefore, the likelihood function can be
written as follows:

p[χr ,γr |χc,γc, r,α,β] =
βα

Γ (α)
ζα−1
d e−βζd , (21)

where ζd = (1−ω)(χf −χr ) +ω(γf −γr ) and takes the following form due to Equation 20:

ζd = (1−ω)(χc − a
√

(r2/(a2 + 1))−χr ) +ω(
√

(r2/(a2 + 1)) +γc −γr ) (22)

where a = −(1−ω)/ω.13

In order to keep the model as simple as possible and focus on the key aspect of the probabilistic
ITC model, we do not further complicate the model by adding a stochastic process around the fron-
tier, which requires an additional error distribution in the likelihood function.14 This simple frontier
function without noise is very similar to the Data Envelopment Approach (DEA) which is a linear pro-
gramming method to find the convex hull of the data that encompasses all the observations (Charnes
et al. 1985, 1994). However, the recovered convex hull in DEA is used as the approximation of the fron-
tier so that the degree of inefficiency of production is calculated ex-post by measuring the Euclidean
distance between the approximated frontier and the data points inside the convex hull. This method is
based solely on algorithm programming and does not require economic theories or statistical models. In
contrast, the probabilistic ITC model we propose in this paper is theory-based because the distribution
of inefficiency is derived from an economic theory that accounts for firms’ cost-minimizing behavior
with a positive degree of uncertainty. This theory-based approach enables us to simultaneously estimate
the technological frontier and the functional form of the degree of inefficiency (TIF).

Prior distributions

Now that we have discussed the likelihood function, we turn our attention to the prior distribution
of the unknown parameters of the likelihood function. We will use weakly informative priors that
will reflect the key aspects of the parameters in the model but with enough variation to express prior
uncertainty of the parameter values. First, the parameters χc and γc determine the center of the quarter-

11The monotonically decreasing TIF can be used in a more complex model where multiple TIFs exist in χ−γ space. However,
implementing a highly complex model of this sort is beyond the scope of this paper and is left for further research.

12Note that the rate parameter of the gamma model β is the inverse of the scale parameter θ.
13Data points need to be inside the frontier, which means that ζf > ζr . Also, the slope of the circle always needs to be

negative to achieve the concavity assumption. This requires −(χr −χc)/(γr −γc) < 0.
14For interested readers, refer to Appendix B for a brief discussion on the model with noise.
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circle, which needs to be located in the third quadrant of the χ−γ coordinate to effectively encompass all
the data points while keeping the tangent to the circle always negative. We will thus use the minimum
value of χ and γ in each of our six samples, which we will denote by χmin and γmin, and use them as
the mean of the normal prior distribution with a standard deviation of 1. Next, the parameter r is the
radius of the circle, which can be roughly approximated by the Euclidean distance between two points
(χmin,γmin) and (χmax,γmax) the latter of which represents the maximum value of χ and γ in the sample.
We will denote this distance by rE and use this as the mean of the normal prior distribution with the
standard deviation of 5. Finally, we will use the lax gamma prior for α and β with the shape and the
scale parameter 1 and 2, respectively. Therefore, the prior distribution for 5 parameters are as follows:

χc ∼ Normal(χmin,1)

γc ∼ Normal(γmin,1)

r ∼ Normal(rE,5)

α ∼ Gamma(1,2)

β ∼ Gamma(1,2)

Our prior specification is not too restrictive and our posterior distribution is substantially updated
from the prior distribution as shown in Figure 15 in Appendix A. More importantly, the posterior
distribution is not sensitive to the choice of prior distributions as shown in Appendix C.1, where the
non-informative prior distributions lead to the almost identical posterior distribution of all parame-
ters.15

Posterior sampling method

In obtaining a sequence of random samples from the posterior distribution, the paper uses the
Metropolis-Hastings algorithm, one of the Markov Chain Monte Carlo (MCMC) methods (Chib &
Greenberg 1995, Gelman et al. 2013). The MCMC is often used when we have a density function p[x]
that is not analytically tractable so that direct sampling is difficult. What we do instead is to simulate
the random variable from the given density based on a Markov chain that has the target distribution
as its equilibrium distribution. Then, we recover the probability distribution of the parameters from
the simulated random numbers, x∗, a method that is often called the Monte Carlo approach. We use
200,000 iterations and 3 chains after 80,000 burn-in periods.

4.3 Estimation results

We estimate to IPF and TIF for the above six different time periods: 1996-1998, 1999-2002, 2003-2006,
2007-2009,2010-2012, and 2013-2015. Table 1 summarizes the estimated coefficients χc,γc, r,α, and β
for each sub-sample. For each three-year interval, the mean, standard deviation, and the 95% credible
interval of the posterior distributions are summarized along with the convergence diagnostics, R̂. When
R̂ is smaller than 1.1, the MCMC chains are properly mixed.16

15The reason we use a weakly informative prior even when the non-informative prior leads to the same result is that working
with prior specification gives a better understanding of each of the parameters of the model. Furthermore, a non-informative
prior requires a larger number of the MCMC sampling, which is fine for the simple model we chose to use in the paper but
would create computational problems with more complex models.

16R̂ is computed by comparing the estimated between-chains and within-chain variances. For a detailed discussion on the
convergence diagnostic, see Gelman et al. (2013). See Figure 14 in Appendix A for a visualization of the convergence.
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Year Par Mean (Sd) 95% CI R̂

1996-1998

χc -20.1 (0.16) [-20.52 ,-19.94] 1.01
γc -15.96 (0.67) [-17.4 ,-14.86] 1.01
r 45.48 (0.75) [44.12 ,47.04] 1.00
α 6.41 (0.58) [5.39 ,7.66] 1.02
β 0.36 (0.03) [0.31 ,0.42] 1.01

1999-2002

χc -17.28 (0.13) [-17.63 ,-17.15] 1.00
γc -15.85 (0.48) [-17.01 ,-15.24] 1.04
r 48.32 (0.45) [47.67 ,49.35] 1.04
α 8.47 (0.49) [7.51 ,9.48] 1.04
β 0.4 (0.02) [0.35 ,0.44] 1.04

2003-2006

χc -18.12 (0.17) [-18.58 ,-17.95] 1.01
γc -21.4 (0.28) [-22.18 ,-21.13] 1.02
r 65.49 (0.47) [64.68 ,66.55] 1.00
α 10.58 (0.52) [9.72 ,11.67] 1.03
β 0.35 (0.02) [0.32 ,0.38] 1.02

Year Par Mean (Sd) 95% CI R̂

2007-2009

χc -25.27 (0.14) [-25.63 ,-25.14] 1.00
γc -22.74 (0.67) [-24.31 ,-21.79] 1.02
r 59.45 (0.79) [58.11 ,61.2] 1.03
α 6.95 (0.46) [6.17 ,7.99] 1.04
β 0.28 (0.02) [0.25 ,0.32] 1.03

2010-2012

χc -16.16 (0.17) [-16.63 ,-16] 1.01
γc -17.82 (0.29) [-18.54 ,-17.49] 1.00
r 53.82 (0.5) [53.05 ,55] 1.02
α 9.1 (0.53) [8.14 ,10.17] 1.02
β 0.36 (0.02) [0.32 ,0.4] 1.02

2013-2015

χc -19.61 (0.18) [-20.1 ,-19.45] 1.06
γc -15.97 (0.43) [-17.35 ,-15.41] 1.08
r 52.57 (0.54) [51.83 ,53.97] 1.04
α 10.12 (0.68) [8.83 ,11.55] 1.05
β 0.42 (0.03) [0.37 ,0.48] 1.04

Table 1: Summary statistics of the estimated coefficients χc,γc, r,α, and β for the Gamma model. The
mean, standard deviation, 95% credible interval (uncertainty interval), and the convergence statistics
R̂ are reported.

The index for the convergence diagnostic R̂ of all parameters is close to 1, meaning that all chains
have properly converged. It is worthwhile to note that a significant shrinkage is observed in the pos-
terior distribution from the priors, which can be visually checked in Figure 15 in Appendix A. As
expected, the mean value of the center of the quarter circle χc and γc are located in the third quadrant
of the χ −γ coordinate, reflecting the prior model constraint. The mean value of the radius parameter,
r, ranges from 40-65. Finally, the mean value of the shape parameter, α, of the gamma model is around
6-11, while that of the rate parameter, β, ranges from 0.3 to 0.4. Note that the mean and mode of the
gamma distribution can be calculated as α/β and (α − 1)/β. The average mean and mode of the gamma
technical inefficiency distributions across all 6 samples are around 24% and 21%, respectively.

Estimated frontiers and the frequency distribution of ζd

Based on the posterior distribution of the estimated parameters, Figure 9 shows the recovered frontiers
on the innovation space and the frequency distribution of ζd associated with each frontier.
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Figure 9: Recovered frontiers on the innovation space and the technical inefficiency distribution. For
each year, the left panel shows the recovered frontier in black. The gray uncertainty lines are randomly
generated from the posterior distribution of χc,γc, and r,. The right panel shows the histograms of ζd
with the fitted line from the maximum posterior value of the gamma fitted line with the mean value
of α and β. The gray uncertainty lines are randomly generated from the posterior distribution of these
parameters.

For each year, we present the recovered innovation possibilities frontier on the left-hand side and
the frequency distribution of the recovered ζd . In the IPF plot, the black line is the frontier recovered
from the maximum posterior of each parameter, χc,γc, r,while the gray lines around the black line rep-
resent 50 simulated frontiers drawn from the posterior distributions for each frontier. Each frequency
distribution of ζd is displayed with the fitted line of the gamma distribution using the estimated mean
posterior of α and β parameters. Again, the gray lines represent 50 simulated frontiers drawn from the
posterior distributions of each parameter. We cut 0.5% of the right tail to avoid extreme values.

The estimated IPF has a concave shape and envelops all the observations of χr and γr . There are
few observations close to the frontier, which explains the double-sided distribution of ζd . The gamma
model recovers the technical inefficiency function well. To see this point more clearly, refer to Figure 10
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which shows how we compare the empirical and predictive Cumulative Density Functions (CDF). The
predictive CDFs successfully recover the empirical CDF.

Figure 10: Empirical Cumulative Density Functions vs. predictive Cumulative Density Functions. Fn(x)
is the cumulative distribution function, P (X ≤ x), where X is the random variable, ζd . The black line
is the empirical CDF and the gray lines are 300 predictive CDFs randomly drawn from the posterior
distribution. The predictive CDFs recover the empirical CDF relatively well. To make all distributions
comparable, all distributions are in the same scale from 0% to 50%.

Time evolution of innovation possibilities frontier

To better understand the time-evolution of the technical inefficiency distribution, the mode and entropy
of the recovered gamma distributions are plotted with the uncertainty line in Figure 11. Note that the
mode and entropy are calculated as M = (α−1)/β and H = α− lnβ + lnΓ (α)) + (1−α)ψ(α), where ψ() is a
polygamma function. The entropy of the probability distribution shows how dispersed/heterogeneous
the distribution is.
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The Mode of Gamma distribution
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Figure 11: Mode and entropy of the estimated gamma technical inefficiency distribution over time. The
bold black line is the mean value while the gray lines are 200 uncertainty lines drawn from the posterior
distributions of α and β parameters. There was an increasing pattern in both metrics followed by a
downward pattern starting around 2007.

Notably, the mode and entropy increased steadily until 2006, followed by a mild downward trend.
This means that the sectoral productivity growth moved away from the frontier and its dispersion
increased until 2006.

Sectoral heterogeneity of innovation possibilities frontier

Our empirical exercise has focused on estimating the IPFs for sub-sample periods, pooling across
countries and sectors. We now turn our attention to the sectoral heterogeneity in the IPF. We take two
separate approaches based on whether sectors are assumed to face the same or different IPFs.

Sectors facing the same IPF: The first approach assumes that sectors face the same IPF (e.g. manu-
facturing and financial sectors face the same cost-minimization constraint). Under this assumption, we
can investigate which sectors are closer to the global technological frontier. Since the empirical exer-
cise we discussed above is already based on this assumption, we can directly calculate the sector-wise
deviation of the rate of cost reduction from the frontier.

The left panel in Figure 12 shows the estimated median of ζd during all years in each industry. The
yellow point is the mean value of the median ζd while the black line is the uncertainty interval from
2,000 simulations from the posterior distributions. It is shown that Information and Communication,
Manufacturing, and Financial and Insurance Activities sectors have the median value of productivity
growth closest to the frontier, while Real Estate Activities, Community Social Services have median
productivity growths furthest from the frontier.

The right panel in Figure 12 shows two example country-sector observations from the sub-period,
1996-1998. The green point represents the Information and Communication sector in Denmark.
Its observed capital productivity growth (χr ) and labor productivity growth (γr ) are 10% and 12%,
respectively, which are relatively close to the corresponding optimal growth rates on the frontier
(χf = 9% and γf = 19%). The purple point is the Community Social and Personal Services sector in
Estonia. Its observed labor and capital productivity growths are -7% and 0%, respectively, which are
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far from the optimal growth rates on the frontier (χf = −10% and γf = 28%). Note that the optimal
rate for the Community Social and Personal Services sector puts a significantly higher weight on labor
productivity growth due to a high wage share of the sector (ω = 0.82).
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Figure 12: Industry heterogeneity given the same IPF: The left panel shows the estimated median
distance of the rate of cost reduction by industry. The yellow point is the mean value of the median
distance while the black uncertainty line is the minimum and maximum value of the 2,000 median
values drawn from the posterior distributions of all five parameters. The right panel shows two example
country-sector observations from 1996-1998 sub-sample. The green point represents Information and
Communication sector in Denmark while the purple point is Community Social and Personal Services
sector in Estonia.

Sectors facing different IPFs: The second approach assumes that sectors face heterogeneous IPFs. With
this assumption, we can better understand the sector-specific characteristics of the IPF. To do this, the
frontier estimation needs to be repeated for sub-sector samples. The estimation result is summarized
in Appendix C.3.17 Here, we summarize the result for the mode and entropy of the recovered gamma
technical inefficiency distribution by sectors.

Figure 13 shows the estimated mode (left) and the entropy (right) of the sector-specific technical
inefficiency distribution. The orange point is the mean estimate while the black line is the uncertainty
interval from 2,000 simulations from the posterior distributions. Remember that while the mode of
the technical inefficiency distribution represents the overall distance from the frontier, the entropy
shows the overall dispersion of the distribution. It is shown that the Community Social and Personal
Services and Wholesale and Retail Trade sectors have the lowest mode, meaning that the majority of the
observed rates of cost reductions tend to be very close to the sector-specific technological frontier. Note
that even though the technical inefficiency is not severe with respect to its own sector-specific frontier,

17The gamma model of the technical inefficiency function works mostly fine but performs poorly for one or two sectors
especially, for the Agriculture sector. This is due to the fact that the observed deviation of the rate of cost reduction in this
sector has many extreme values and is not captured well by the gamma distribution whose tail is not heavy enough. Also, the
MCMC results tend to be less stable compared to the results based on the sub-periods.
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the frontier of the Community Social and Personal Services sector is far below the global frontier, as
shown by its large median distance (Figure 12). In contrast, the Real Estate Activities and Mining
and Quarrying sectors have the highest mode, so their observed rates of cost reduction overall tend to
be far away from the sector-specific frontier. The Real Estate Activities sector exhibits the most severe
technical inefficiency with respect to its own sectoral frontier, but it also has the largest median distance
from the global frontier, as shown in Figure 12.

Finally, the dispersion (entropy) of the rate of cost reductions within the sector is least severe in the
Community Social and Personal Services sector, while it is most severe in the Mining and Quarrying
and Agriculture sectors.
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Figure 13: Mode and entropy of the estimated gamma technical inefficiency distribution by sectors. The
orange point is the mean estimate while the black line is the uncertainty interval from 2,000 simulations
from the posterior distributions.

5 Discussion

Interpreting the behavior temperature: The behavior temperature T in our model is the key
parameter that determines the dispersion of the observed cost reduction. When T is high, the
mean deviation of the rate of cost reduction from the frontier ζ̄d is large. From a decision-making
perspective, this behavior temperature can be broadly understood as the degree of bounded
rationality: how much information the firm has and how attentive it is to the information. In the
context of modeling technical progress, the meaning of the behavior temperature can be more specific.
For example, Nelson & Winter (2009) put forward a theory of the imitation process in which the firm
searches for and adopts a better technology that other firms are using. In this context, the behavior
temperature can be understood as the degree of imitation difficulty and thus the diffusion of best
technologies and knowledge. When T is high, firms are less likely to adopt the best technology
that would give them the optimal cost reduction on the frontier so that the dispersion of the
observed cost reduction from the frontier is large. A more general model of ITC can endogenize the
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behavior temperature as a function of potential determinants of the technology diffusion such as the
government’s R&D subsidy, organizational change (Brynjolfsson & Hitt 2000), or efficient global value
chain (Criscuolo et al. 2017).

The source of heterogeneity in the cost reduction: The empirical exercise of recovering the
technological frontier in this paper is conducted on predetermined sub-sample periods and sectors.
This is based on the assumption that firms in different time periods and different sectors face different
technology frontiers. This way, we separate the heterogeneity in the observed cost reduction due
to different locations of the IPF from heterogeneity due to the entropy constraint, the idiosyncratic
differences in the uncertainty firms face. A more generalized frontier estimation model can directly
endogenize the systemic determinants of the location of the IPF (including the temporal and sectoral
differences). For example, the location of IPF could be assumed to be a function of the aggregate R&D
expenditure in an economy, as shown by Nordhaus (1973) and Acemoglu et al. (2012). The individual
firm’s spending on R&D, once combined with other firms’ spending, has a positive externality and
pushes the IPF away from the origin. In the simplest form, this impact of R&D can be modeled
by taking the radius of the quarter circle model of ITC as a positive function of R&D spending.
Another way of endogenizing the IPF is to assume that the IPF moves toward the origin as the level of
productivity changes. The latter idea reflects the increasing difficulty of innovation as the firm reaches
a higher level of productivity.

Dispersion and misallocation: The empirical findings in the paper partially corroborate the large and
growing evidence on the increasing productivity disparity between frontier and laggard firms (Hsieh &
Klenow 2009, Andrews et al. 2016, Gopinath et al. 2017, Cette et al. 2018). Conventionally, this widen-
ing productivity dispersion is linked to a decreasing allocation efficiency as a result of the misallocation
of factors of production (Hsieh & Klenow 2009, Decker et al. 2018). While the conventional models of
technical change understand the dispersion as a deviation from the equilibrium due to external factors
such as difficulty in relocating labor input (Decker et al. 2018), the entropy-constrained model of ITC
understands the dispersion itself as the equilibrium state. This methodological difference leads to dif-
ferent measures of dispersion. Since the dispersion is not an inherent feature of the model, the most
widely accepted measures of dispersion in the misallocation literature are non-parametric in nature,
such as the standard deviation or the inter-quantile ratios of productivities. In contrast, the measure of
dispersion in our approach is already embedded in the technical inefficiency function and is paramet-
ric in nature. Even though there is always a risk of the underlying model being wrong, the parametric
measures of dispersion provide a clearer theoretical interpretation. For example, the gamma ITC model
is based on a particular form of the payoff function that reflects the increasing difficulty of innovation
as the firm reaches the frontier. Therefore, the dispersion represented by estimated α and β parameters
in the gamma ITC has a direct interpretation as the degree of technology diffusion.

6 Conclusion

This paper developed an information-theoretic model of induced technical change with a minimum
entropy constraint on the firm’s cost-minimization. The new model allows for non-optimal technical
progress in which the firm’s choice of techniques and the corresponding rate of cost reduction can be
different from its optimal rate on the frontier, generalizing Kennedy’s original result (Kennedy 1964).
We have shown that the Kennedy’s original model of ITC is a special case of our entropy-constraint
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model when the behavior temperature becomes zero and the technical inefficiency distribution col-
lapses to the Dirac Delta function.

The derived statistical equilibrium in the entropy-constraint model is conceptually different from
the conventional notion of equilibrium in economics in that the former comes in the form of a non-
degenerate probability distribution in which all possible states have a non-zero probability. This way,
the entropy-constraint model gives meaning to the residual variations of the observed behavior and
provides a clear link to testable econometric models. We have shown that various forms of techni-
cal inefficiency functions -e.g. exponential, gamma, Rayleigh, and a half-normal,- can be derived by
specifying a particular functional form in the firm’s payoff function in the entropy-constraint model.

The paper tested the gamma model of the technical inefficiency function derived from the firm’s
payoff function that reflects the increasing difficulty of achieving the innovation frontier. Using the EU
KLEMS data, we have employed a Bayesian method and estimated both innovation possibilities frontier
and technical inefficiency function simultaneously. The gamma technical inefficiency function works
well in explaining the realized deviation of the productivity growth from the frontier. The dispersion
and model of the technical inefficiency function dramatically increased from 1995-2006 and stabilized
afterward, partially corroborating a large empirical literature on productivity dispersion. We also doc-
umented substantial sectoral heterogeneity in the innovation possibilities frontier and technical ineffi-
ciency distribution. Future research will profit from using firm-level data to get a better understanding
of the complex nature of the global and sectoral innovation possibilities frontier. A large sample size
would make it possible to recover temporal and sectoral variations of the frontier simultaneously and
to test more complex frontier estimation models, such as those endogenizing the behavior temperature
of the firm or the location of the frontier.
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Appendix

A Trace plot of Metropolis-Hastings simulation

Figure 14 shows the convergence plot of Metropolis-Hastings simulation for posterior distributions. We
use 200,000 iterations and 3 chains after 80,000 burn-in periods. All chains are mixed properly for all
5 parameters in 6 sub-samples, which can also be confirmed in Table 1 where we show all simulations
have R̂ very close to 1.

Figure 15 compares the prior and posterior distributions of our model. As shown, the posterior
distributions are significantly updated from the prior distributions in all five parameters for all 6 sub-
samples. Note that the posterior distributions of χc and γc are truncated. This is because our frontier
estimation model does not allow for any points outside the frontier. With no stochasticity around the
frontier, the algorithm gives a zero probability to any pair of χc and γc whose corresponding IPF does
not encompass all the observations.

Figure 14: Traceplot of Metropolis-Hastings simulation for each of 6 sub-samples after 80,000 burn-in
period out of 200,000 iterations.
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Figure 15: Comparison of the posterior distribution and the prior distribution for each of 5 parameters
χr , γr , τE , α and β, of the ITC model. The prior distribution for χr , γr and τE is a normal distribu-
tion with the scale parameter 1 and 5 (for τE), while the prior distribution for α and β is the gamma
distribution with the scale 1 and shape parameters 2.

B Model with noise

B.1 Likelihood function without noise

Our model in Section 4.2 does not allow for any points outside the frontier. Remember that the likeli-
hood function is:

p[χr ,γr |χc,γc, r,α,β] =
βα

Γ (α)
ζα−1
d e−βζd , (23)
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where ζd = (1−ω)(χf −χr ) +ω(γf −γr ) and takes the following form due to Equation 20:

ζd = (1−ω)(χc − a
√

(r2/(a2 + 1))−χr ) +ω(
√

(r2/(a2 + 1)) +γc −γr ) (24)

where a = −(1−ω)/ω.
One of the main disadvantages of this model is its deterministic nature that does not distinguish

technical inefficiency from statistical noise in the data.

B.2 Likelihood function with noise

To allow for the outliers in the model estimation, we can introduce a noise distribution that penalizes
the invalid data. The penalizing distribution is defined on the innovation space “outside” the frontier.
As the technical inefficiency probability function that assigns a probability to the data points “inside”
frontier, the penalizing distribution should effectively assign a probability of those data points “out-
side” the frontier and measure how likely the data is “invalid." Intuitively, the data points further away
from the frontier are less likely to be valid than those closer to the frontier. The exponential distri-
bution on C + max[ζr ]− ζr , where max[ζr ] is the maximum value of the realized rate of cost reduction
and C is a positive constant, does this job effectively because it assigns with a constant rate a higher
probability to the extreme points while putting lower probability to those data points closer to the
frontier (smaller ζr ).18 For simplicity, we put C to zero in this model, so that the noise distribution is
λn exp(−λn(maxr[ζ]−ζr )), where λn is the parameter of the penalizing distribution. Thus, the likelihood
function of the single IPF with noise is written as:

p(χr ,γr |χc,γc, r,α,β) = B(1)
βα

Γ (α)
ζα−1
d e−βζd ,+B(2)λn exp(−λn(max[ζr ]− ζr )), (25)

where B :⊆ [1,0] is a boolean variable. When χ and γ are inside the frontier, B(1) = 1 while B(2) = 0
so that the likelihood is λexp(−λζd). When χ and γ are outside the frontier, B(2) = 1 while B(1) = 0 so
that the likelihood is λn exp(−λn(max[ζr ]− ζr )).

It is worthwhile noting that there is a trade-off in Equation 25 between having invalid
data points inside and outside the frontier. If they are inside the frontier, they will lower the
likelihood, Gamma(α,β,ζd) but there is no penalty for this data from the penalizing distribution
λn exp(−λn(max[ζr ] − ζr )). In contrast, if they are outside the frontier, the fit of ζd inside the frontiers
will increase while the noise distribution penalizes them. From this perspective, the major task of this
estimation is to find the optimal number of those invalid data points.

C Additional estimation results

C.1 Estimation with uninformative prior

Table 2 summarizes the estimated coefficients of the Gamma model with uninformative prior distribu-
tions for each sub-sample. The summary statistics of the posterior distributions are almost identical to
those from the model with weakly informative priors in Table 1.

18Different error distributions can be used depending on the types of data used. For example, when the data includes many
extreme values, a heavy-tailed error distribution can work better than the exponential one.

34



Year Par Mean (Sd) 95% CI R̂

1996-1998

χc -19.48 (1) [-20.76 ,-17.87] 7.25
γc -18.35 (1.81) [-21.78 ,-15.13] 1.03
r 46.59 (1.63) [43.21 ,49.51] 1.55
α 6.4 (0.65) [5.22 ,7.7] 1.01
β 0.37 (0.03) [0.31 ,0.43] 1.02

1999-2002

χc -17.28 (0.14) [-17.65 ,-17.15] 1.01
γc -16.15 (0.69) [-17.76 ,-15.25] 1.02
r 48.56 (0.59) [47.72 ,49.94] 1.02
α 8.62 (0.45) [7.77 ,9.5] 1.00
β 0.4 (0.02) [0.36 ,0.44] 1.00

2003-2006

χc -18.12 (0.16) [-18.55 ,-17.95] 1.00
γc -21.41 (0.28) [-22.18 ,-21.13] 1.01
r 65.54 (0.46) [64.76 ,66.53] 1.00
α 10.76 (0.54) [9.8 ,11.91] 1.02
β 0.35 (0.02) [0.32 ,0.39] 1.02

Year Par Mean (Sd) 95% CI R̂

2007-2009

χc -25.29 (0.17) [-25.71 ,-25.14] 1.06
γc -24.83 (1.75) [-28.19 ,-22.03] 1.33
r 60.93 (1.38) [58.69 ,63.61] 1.29
α 6.89 (0.48) [6 ,7.94] 1.07
β 0.28 (0.02) [0.25 ,0.31] 1.06

2010-2012

χc -16.18 (0.18) [-16.67 ,-15.99] 1.00
γc -17.95 (0.4) [-18.98 ,-17.5] 1.03
r 54.06 (0.58) [53.15 ,55.41] 1.04
α 9.29 (0.57) [8.24 ,10.57] 1.06
β 0.37 (0.02) [0.33 ,0.41] 1.05

2013-2015

χc -19.61 (0.18) [-20.13 ,-19.45] 1.01
γc -15.95 (0.46) [-17.32 ,-15.4] 1.02
r 52.59 (0.56) [51.83 ,53.99] 1.00
α 10.5 (0.63) [9.35 ,11.78] 1.06
β 0.44 (0.03) [0.39 ,0.49] 1.05

Table 2: Summary statistics of the estimated coefficients χc,γc, r,α, and β for the Gamma model with
uninformative prior distributions. The mean, standard deviation, 95% credible interval (uncertainty
interval), and the convergence statistics R̂ are reported.

C.2 Estimation result: Rayleigh case

As shown in Section 2.4, the the quadratic payoff function with a log counteracting term, u[ζd] = m −
nζ2

d + Log[ζd], leads to the Rayleigh distribution with the scale parameter σ :

p[ζd] =
ζd
σ2 e

−ζ2
d /(2σ

2), ζd > 0, (26)

The likelihood function with the Rayleigh TIF can be written as follows:

p[χr ,γr |χc,γc, r,σ ] =
ζd
σ2 e

−ζ2
d /(2σ

2), (27)

where ζd = (1−ω)(χf −χr ) +ω(γf −γr ) and takes the following form due to Equation 20:

ζd = (1−ω)(χc − a
√

(r2/(a2 + 1))−χr ) +ω(
√

(r2/(a2 + 1)) +γc −γr ), (28)

where a = −(1−ω)/ω.
Table 3 summarizes the estimated coefficients χc,γc, r and σ for each sub-sample.
Figure 16 shows the result of the posterior predictive check by comparing the empirical and predic-

tive Cumulative Density Functions (CDF) from the posterior distribution. The predictive CDFs do not
recover the empirical CDF well. The poor performance of the Rayleigh TIF comes from the fact that the
Rayleigh distribution has only one parameter that determines both its scale and shape and therefore
fails to capture a complex pattern of technical inefficiency in the data.
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Year Par Mean (Sd) 95% CI R̂

1996-1998

χc -20.19 (0.26) [-20.87 ,-19.94] 1.00
γc -19.5 (1.67) [-22.84 ,-16.11] 1.00
r 46.6 (1.24) [44.18 ,49.19] 1.00
α 12.54 (0.32) [11.95 ,13.18] 1.00

1999-2002

χc -17.33 (0.17) [-17.79 ,-17.15] 1.00
γc -16.4 (0.9) [-18.52 ,-15.26] 1.00
r 48.59 (0.7) [47.67 ,50.25] 1.00
α 15.88 (0.3) [15.29 ,16.48] 1.00

2003-2006

χc -18.25 (0.31) [-19.08 ,-17.95] 1.00
γc -21.61 (0.48) [-22.88 ,-21.14] 1.00
r 64.73 (0.43) [64.19 ,65.82] 1.00
α 22.15 (0.38) [21.43 ,22.92] 1.00

Year Par Mean (Sd) 95% CI R̂

2007-2009

χc -25.31 (0.17) [-25.78 ,-25.14] 1.00
γc -25.95 (1.67) [-29.27 ,-22.61] 1.00
r 59.95 (1.23) [57.54 ,62.44] 1.00
α 17.76 (0.35) [17.1 ,18.46] 1.00

2010-2012

χc -16.2 (0.2) [-16.75 ,-16] 1.00
γc -18.41 (0.79) [-20.35 ,-17.51] 1.01
r 53.72 (0.63) [52.96 ,55.27] 1.01
α 18.57 (0.35) [17.89 ,19.26] 1.00

2013-2015

χc -19.87 (0.32) [-20.58 ,-19.45] 1.02
γc -17.34 (1.75) [-21.16 ,-15.44] 1.03
r 53.4 (1.44) [51.8 ,56.48] 1.03
α 17.57 (0.35) [16.88 ,18.26] 1.00

Table 3: Summary statistics of the estimated coefficients χc,γc, r, and σ, for the Rayleigh model. The
mean, standard deviation, 95% credible interval (uncertainty interval), and the convergence statistics
R̂ are reported.

Figure 16: Empirical Cumulative Density Functions vs. predictive Cumulative Density Functions from
the Rayleigh TIF. Fn(x) is the cumulative distribution function, P (X ≤ x), where X is the random vari-
able, ζd . The black line is the empirical CDF and the gray lines are 300 predictive CDFs randomly
drawn from the posterior distribution. To make all distributions comparable, all distributions are on
the same scale from 0% to 50%.

C.3 Estimation result: sector-specific IPF

Table 4 summarizes the estimated coefficients χc,γc, r and σ for each sub-sample. The index for the
convergence diagnostic R̂ of parameters is close to 1 in most cases but is greater than 1 in some cases.
This suggests that the sector-wise estimation is less stable than the main results based on the sub-
periods.

Table 17 shows the result of the posterior predictive check by comparing the empirical and predic-
tive Cumulative Density Functions (CDF) from the posterior distribution. The predictive CDFs recover
the empirical CDF relatively well except for Agriculture sector.
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Year Par Mean (Sd) 95% CI R̂

Agriculture

χc -27.69 (0.18) [-28.17 ,-27.51] 1.00
γc -29.9 (0.7) [-31.39 ,-28.72] 1.10
r 73.15 (0.57) [72.16 ,74.32] 1.09
α 1.88 (0.14) [1.61 ,2.15] 1.01
β 0.04 (0) [0.03 ,0.05] 1.01

Mining &
Quarrying

χc -25.69 (0.7) [-27.31 ,-24.77] 1.00
γc -24.75 (0.4) [-25.67 ,-23.9] 1.00
r 75.82 (1.51) [73.51 ,79.3] 1.09
α 7.59 (0.69) [6.3 ,9.01] 1.06
β 0.22 (0.02) [0.18 ,0.26] 1.02

Manufacturing

χc -16.38 (0.27) [-17.11 ,-16.1] 1.00
γc -14.64 (0.86) [-16.37 ,-13.16] 1.00
r 49.59 (1.62) [46.71 ,52.97] 1.11
α 14.26 (2.01) [10.75 ,18.98] 1.20
β 0.76 (0.07) [0.61 ,0.92] 1.15

Utilities

χc -20.59 (0.64) [-22.09 ,-19.73] 1.00
γc -16.81 (0.46) [-17.97 ,-16.27] 1.00
r 51.24 (2.17) [47.52 ,55.68] 1.05
α 12.24 (2.26) [8.35 ,17.18] 1.08
β 0.61 (0.07) [0.48 ,0.76] 1.07

Construction

χc -23.82 (0.13) [-24.18 ,-23.69] 1.00
γc -15.7 (0.92) [-17.42 ,-13.87] 1.02
r 46.82 (1.42) [44.56 ,50.55] 1.06
α 7.4 (1.09) [5.69 ,10.17] 1.07
β 0.36 (0.04) [0.29 ,0.44] 1.04

Wholesale &
Retail

χc -12.06 (0.24) [-12.68 ,-11.82] 1.00
γc -13.01 (0.86) [-14.85 ,-11.48] 1.01
r 34.11 (1.22) [31.97 ,36.5] 1.04
α 8.37 (1.44) [6.14 ,11.52] 1.09
β 0.66 (0.08) [0.53 ,0.83] 1.07

Year Par Mean (Sd) 95% CI R̂

Transportation &
Storage

χc -20.53 (0.21) [-21.1 ,-20.3] 1.01
γc -15.11 (0.93) [-16.95 ,-13.38] 1.02
r 46.38 (1.44) [43.68 ,49.18] 1.10
α 11.92 (1.42) [9.35 ,14.9] 1.08
β 0.67 (0.06) [0.56 ,0.79] 1.05

Accommodation

χc -14.85 (0.16) [-15.29 ,-14.69] 1.00
γc -20.81 (0.9) [-22.63 ,-19.11] 1.02
r 46.65 (1.04) [44.88 ,49.01] 1.04
α 11.44 (1.25) [9.41 ,14.21] 1.09
β 0.58 (0.05) [0.49 ,0.69] 1.08

Information &
Communication

χc -15.15 (0.41) [-16.17 ,-14.67] 1.01
γc -13.23 (0.63) [-14.65 ,-12.32] 1.00
r 47.73 (2.25) [44.25 ,52.47] 1.14
α 13.77 (2.98) [9.61 ,20.46] 1.20
β 0.77 (0.1) [0.6 ,0.99] 1.15

Finance &
Insurance

χc -14.44 (0.33) [-15.3 ,-14.09] 1.00
γc -15.92 (0.84) [-17.67 ,-14.43] 1.01
r 56.4 (2.03) [52.7 ,60.35] 1.02
α 15.34 (2.06) [11.67 ,19.8] 1.07
β 0.63 (0.06) [0.52 ,0.75] 1.04

Real Estate

χc -12.29 (1.02) [-14.39 ,-10.3] 1.04
γc -21.35 (0.21) [-21.88 ,-21.13] 1.01
r 45.1 (0.45) [44.33 ,46.09] 1.02
α 58.83 (6.64) [43.36 ,70.05] 1.23
β 2.01 (0.21) [1.52 ,2.37] 1.23

Professional
Service

χc -15.58 (0.19) [-16.09 ,-15.39] 1.00
γc -13.24 (0.93) [-15.08 ,-11.51] 1.01
r 36.04 (1.28) [33.59 ,38.64] 1.13
α 13.17 (1.7) [10.12 ,16.42] 1.28
β 0.85 (0.08) [0.7 ,1.01] 1.20

Community
Service

χc -6.74 (0.1) [-6.99 ,-6.64] 1.00
γc -6.05 (0.99) [-8 ,-4.05] 1.02
r 15.87 (0.98) [13.88 ,17.85] 1.07
α 22.45 (3.08) [17.69 ,29.89] 1.24
β 3.14 (0.32) [2.59 ,3.86] 1.19

Table 4: Summary statistics of the estimated coefficients χc,γc, r, and σ, for the gamma model. The
mean, standard deviation, 95% credible interval (uncertainty interval), and the convergence statistics
R̂ are reported.
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Figure 17: Empirical Cumulative Density Functions vs. predictive Cumulative Density Functions from
the gamma TIF. Fn(x) is the cumulative distribution function, P (X ≤ x), where X is the random variable,
ζd . The black line is the empirical CDF and the gray lines are 300 predictive CDFs randomly drawn
from the posterior distribution.
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